This paper gives a characterization of the branch set of a finite covering X → S of a topological space S, by means of finite C(S)-subalgebras A of C(X) that separate points in X and the module Ω A/C(S) of its Kähler differentials.
Introduction
The aim of this paper is to characterize the branch set of a finite covering X → S of a topological space S by means of algebraic properties of the induced homomorphism C(S) → C(X) between their algebras of real-valued continuous functions.
Our starting point is the well-known result that, in the realm of real-compact spaces, every space X is determined by the algebra C(X) of all real-valued continuous functions defined on it. Moreover, each continuous map X → S defines, by composition, a homomorphism of R-algebras C(S) → C(X) and, in this way, continuous maps between real-compact spaces are in one-to-one correspondence with homomorphisms between their algebras of continuous functions. From this equivalence it follows that there should be close relationships between the topological properties of spaces and maps and the algebraic properties of the corresponding algebras and homomorphisms. Examples of results showing these relationships are the characterization of local homeomorphisms by means of rings of germs of continuous functions in [7] , the correspondence between finite unbranched coverings of a topological space X and separable C(X)-algebras which are finitely generated projective C(X)-modules [2] , the characterization of the dimension of a topological space X in terms of dense subalgebras of C(X) [14] , and the going-up and going-down theorems for the homomorphism C(S) → C(X) defined by an open and closed map X → S [11] .
In this paper we are concerned with finite (branched) coverings. By a finite covering we shall mean an open and closed continuous map π : X → S with finite fibres and such that any pair of points in the same fibre have disjoint neighbourhoods in X. Note that a finite covering π : X → S is not necessarily a local homeomorphism (for example, π : C → C, π(z) = z 2 ). The set of points in X at which π is not a local homeomorphism is called the branch set of π.
In [12] it is proved that a continuous map between topological manifolds π : X → S is a finite covering if and only if the induced homomorphism C(S) → C(X) is integral and flat. The aim of the present paper is to complete this result by providing a characterization of the branch set in terms of the rings of continuous functions.
We must bear in mind that in Algebraic Geometry, the points of the branch set of a covering X → S of an algebraic variety S are just the points where the germ of the module Ω A(X)/A(S) of Kähler differentials of the algebra A(X) of algebraic functions on X over the corresponding algebra A(S) is not zero. In Differential Geometry, there is an entirely analogous result for differentiable manifolds (essentially, it is a translation of the Inverse Function Theorem in terms of differentials).
One may wonder if the above result for algebraic and differentiable functions also holds in the topological case. If you simply copy the statement, it is not true; we give an example of a finite branched covering X → S such that Ω C(X)/C(S) = 0. But the natural way to translate results from algebra to topology is to replace rings of algebraic functions by dense subalgebras of continuous functions, as was done in [14] to characterize the dimension.
In accordance with this general principle, we obtain the following result:
Theorem. Let π : X → S be a finite covering and let A be a finite C(S)-subalgebra of C(X) separating points in X. Then, π is a local homeomorphism at a point x ∈ X if and only if (Ω A/C(S) ) x = 0.
This theorem is not applicable to the whole algebra C(X), because C(X) is not a finite C(S)-algebra whenever the branch set of π : X → S is not empty (see [12] ).
When the base space S is a metric space of finite dimension, then we shall also prove the existence of subalgebras of C(X) satisfying the conditions of the above theorem.
Preliminaries
Concerning rings of continuous functions, we shall use the same notation and terminology as in [5] .
Every continuous map π : X → S defines, by composition, a homomorphism of rings C(S) → C(X). This homomorphism defines in C(X) a natural algebra structure over C(S). Given g ∈ C(S), if no confusion is possible, the function g • π will also be denoted by g.
The set of all prime ideals in C(X), i.e., the prime spectrum, will be denoted by Spec C(X). Each point x ∈ X defines a maximal ideal m x = {f ∈ C(X) : f(x) = 0}. If M is a C(X)-module and p is a prime ideal in C(X), we shall denote by M p the localization, or module of fractions, of M with respect to the multiplicatively closed subset C(X) − p, and we shall write M x instead of M mx . The same notation will be used for modules over subalgebras A of C(X). The definition and basic properties of rings and modules of fractions may be found in [1] and [9] .
The zero-set of a function f is the set Z(f ) = {x ∈ X : f(x) = 0} and the cozero-set of f is coz(f ) = X − Z(f ).
An ideal I of C(X) is said to be a z-ideal if Z(f ) = Z(g) and f ∈ I imply g ∈ I. This condition is equivalent to the following one: Z(f ) ⊆ Z(g) and f ∈ I imply
We recall the definitions of derivations and differentials and for properties we refer to [3] or [9] .
Definitions 0.1. Let k be a ring. Let A be a k-algebra and let M be an A-
(Observe that this condition implies D(α) = 0 for every α ∈ k.) The set of all k-derivations from A to M is written Der k (A, M ), and it becomes an A-module in a natural way. Since the composition of a k-derivation
from the category of A-modules to itself. This is a representable functor, i.e., there exists an A-module Ω A/k endowed with a derivation d : A → Ω A/k satisfying a universal property
Explicitly, Ω A/k can be taken to be the module ∆/∆ 2 , where ∆ is the kernel of the homomorphism m :
These concepts of derivations and differentials play a major role in Algebraic and Differential Geometry (see [3, Chapter 16 
is just the module of tangent vector fields and the tangent space at a point x ∈ X is the vector space
In the topological case, this concept of tangent space has no meaning, since it is not difficult to prove that Der R (C(X) x , R) = 0 and Der R (C(X), C(X)) = 0 . However, as proved in [6] , the module Ω C(X)/R is, in general, different from zero. A map π : X → S is said to be an unbranched covering of S if every point of S has a neighbourhood U such that π : π −1 (U ) → U is a trivial covering.
Characterization of the branch set
By a finite covering of S we shall mean an open and closed continuous map π : X → S with finite fibres and such that any pair of points in the same fibre have disjoint neighbourhoods in X.
Since the image of a finite covering is an open and closed subset of S, for our purposes there is no loss of generality in assuming that every finite covering is surjective.
The branch set of a finite covering π is the closed set B π of all points in X where π is not a local homeomorphism. The closed set π(B π ) will be denoted by R π and its complement S − R π will be denoted by S 0 .
We shall use some easy-to-prove properties of finite coverings. Properties 1.2. Let π : X → S be a finite covering.
(i) If s ∈ S and π −1 (s) = {x 1 , . . . , x n }, then there exist neighbourhoods U of s satisfying π −1 (U ) = U 1 · · · U n where U i is a neighbourhood of x i such that π(U i ) = U for every i, and U i ∩ U j = ∅ if i = j .
(ii) A point s belongs to S 0 if and only if the cardinality of the fibres of π is constant on some neighbourhood of s, or equivalently, if the covering π is trivial on some neighbourhood of s. (iii) Let X 0 = π −1 (S 0 ). The restriction π : X 0 → S 0 is an unbranched covering and it is said to be the unbranched part of π. Definitions 1.3. Let k be a ring and let A be a k-algebra. A is said to be a finite k-algebra if it is finitely generated as a k-module, i.e., if there exists a finite set of elements a 1 , . . . , a n ∈ A such that every element of A is a linear combination of a 1 , . . . , a n with coefficients in k, i.e., A = ka 1 +· · ·+ka n . A is a finitely-generated kalgebra if there exists a finite set of elements a 1 , . . . , a n ∈ A such that every element of A is a polynomial in a 1 , . . . , a n with coefficients in k, i.e., A = k[a 1 , . . . , a n ].
Definitions 1.4. Let Y be a subset of a topological space X and let A be an Rsubalgebra of C(X). We shall say that A separates points in Y if for any two points
Lemma 1.5. Let π : X → S be a closed map with finite fibres. If s is a point in S and π −1 (s) = {x 1 , . . . , x n }, then:
(i) C(X) s is naturally isomorphic to the direct product of the rings of germs at the points x i :
(ii) If A is a finite C(S)-subalgebra of C(X) that separates points in X, then A s is naturally isomorphic to the direct product of the localizations A xi of A in the maximal ideals m xi ∩ A:
Proof. (i) To prove that the natural homomorphism C(X) s → C(X) x1 × · · · × C(X) xn is an isomorphism, it is enough to prove that, for every maximal ideal m in C(X), the homomorphism (C(X) s ) m → (C(X) x1 ) m × · · · × (C(X) xn ) m is an isomorphism [1, Proposition 3.9].
Recall that if p is a prime ideal in C(X), then Spec (C(X) p ) is naturally homeomorphic to the subspace of Spec C(X) of prime ideals contained in p [9, §4, Example 2]. The prime ideals in C(X) containing a given prime ideal form a chain [5, 14. 3.(c)]. Therefore, if a prime ideal p is not contained in a maximal ideal m, there are no prime ideals in C(X) contained in both p and m. These prime ideals simultaneously contained in p and m are just the prime ideals in the ring (C(X) p ) m , so that (C(X) p ) m = 0.
From this it follows that if m = m xi , the above homomorphism is an isomorphism:
Let m = m xi (∀i = 1, . . . , n). Then, there exists f ∈ m such that f (x i ) = 0 (∀i = 1, . . . , n). Since π( Z(f)) is a closed subset in S and s / ∈ π( Z(f)), there exists a function g ∈ C(S) such that π( Z(f)) ⊆ Z(g) and g(s) = 0. Since the maximal ideal m is a z-ideal [5, 2.7] and Z(f ) ⊆ Z(g • π), one has that g • π belongs to m, but g • π / ∈ m s . Hence, the prime ideal p = m ∩ C(S) is not contained in m s , so that (C(X) s ) m = ((C(X) s ) p ) m = 0 and (C(X) x1 ) m × · · · × (C(X) xn ) m = 0.
(ii) The local ring C(S) s is a Henselian ring [13, Chap. VII, Prop. 4], i.e., every finite C(S) s -algebra is a direct product of local algebras. If A is a finite C(S)subalgebra of C(X), then A s is a finite C(S) s -algebra and so the local algebras A xi are factors of A s . Since A s is a subalgebra of C(X) s = C(X) x1 × · · · × C(X) xn , these A xi are the only factors of A s , i.e., A s = A x1 × · · · × A xn . Theorem 1.6. Let π : X → S be a finite covering. If A is a finite C(S)-subalgebra of C(X) that separates points in X, then
Proof. (i) Let x be a point in X and s = π(x). If π is a homeomorphism in some neighbourhood of , that the homomorphism C(S) s → A x is surjective and therefore, for any f ∈ A there exists g ∈ C(S) such that f = g on some neighbourhood of x. Since A is finitely generated as a C(S)-module, we conclude that there is a neighbourhood U of x where any f ∈ A coincides with some g ∈ C(S). Since A separates points in X, the restriction of π to this neighbourhood U is one-to-one, and consequently π is a homeomorphism between U and π(U ).
(ii) This is a consequence of (i): If s ∈ S and π −1 (s) = {x 1 , . . . , x n }, then, by Lemma 1.5, A s = A x1 × · · · × A xn and therefore [3, Corollary 16.16 ] Ω As/C(S)s = Ω Ax i /C(S)s . From this it follows that Ω As/C(S)s is not the zero module if and only if some x i is in B π , i.e., if and only if s ∈ R π .
The following example shows that it is not possible to characterize the branch sets B π , R π , by means of the module of relative Kähler differentials Ω C(X)/C(S) . This is not an exceptional example, since we have proved in [10] that, when the supremum of the cardinalities of the fibres of a covering π : X → S is finite, then Ω C(X)/C(S) = 0. The proof of the statement for the case given in the example is due to J. B. Sancho de Salas. Example 1.7. Let X = {(x, y) ∈ R 2 : x 2 + y 2 = 1}, and define π : X → S = [−1, 1] by π(x, y) = x. Clearly, π is a finite covering and the branch set B π has two points: (−1, 0) and (1, 0) . We are going to prove that Ω C(X)/C(S) = 0. Since the C(X)-module Ω C(X)/C(S) is generated by {df : f ∈ C(X )}, it is enough to prove that df = 0, for every f ∈ C(X).
Let σ : X → X be the homeomorphism σ(x, y) = (x, −y). Clearly π • σ = π and, given f ∈ C(X) one has that f = f • σ if and only if f ∈ C(S), i.e., if f = g • π, for some g ∈ C(S). Every f ∈ C(X) may be written as f = 1 To complete this example, we take a finite C(S)-subalgebra A of C(X) separating points in X and we check that the module Ω A/C(S) gives the branch set.
Denote by x and y respectively, the first and the second projection map on X and let A = C(S) [y] . Clearly, A separates points in X and it is not difficult to prove that A is isomorphic to the following quotient of the ring of polynomials A = C(S)[t]/(t 2 + x 2 − 1), so that A is a finite C(S)-algebra. The module of differentials Ω A/C(S) is the quotient of the free A-module of rank one with base dy by the submodule generated by d(y 2 + x 2 − 1) = 2ydy (see [3, §16.1] ). That is to say,
The germ of the A-module Ω A/C(S) = A/(y) is different from zero exactly at the points of X where the function y is not locally invertible in A, i.e., in (−1, 0) and (1, 0) . And, as a C(S)-module, the germ of Ω A/C(S) = C(S)/(x 2 − 1) is different from zero exactly at the points of S where the function x 2 −1 is not locally invertible in C(S), i.e., in x = −1 and x = 1.
Finite subalgebras
Let π : X → S be a finite covering of S. Then in this section we shall be concerned with the existence of subalgebras of C(X) satisfying the conditions of Theorem 1.6, i.e., finite C(S)-subalgebras that separate points in X. Lemma 2.1. Let π : X → S be a finite covering of a metric space S of finite cover dimension. If the supremum of the cardinalities of the fibres of π is finite, then there exist finitely-generated C(S)-subalgebras of C(X) that separate points in X.
Proof. Let π : X 0 → S 0 be the unbranched part of π : X → S. If the cozero-set U = coz(g) of a function g in C(S) is contained in S 0 and π : π −1 (U ) → U is a trivial covering, i.e., π −1 (U ) = U 1 · · · U m and each U i is homeomorphic to U by π, then the functions f i defined on X by f i = g on U i and f i = 0 on X − U i are trivially continuous on X. Clearly, C(S)[f 1 , . . . , f m ] separates points in π −1 (U ).
It is not difficult to see that, since S 0 is a metric space of finite cover dimension, every open cover of S 0 has a refinement that may be written as the union of finitely many families consisting of pairwise disjoint open sets; therefore the unbranched covering π : X 0 → S 0 becomes trivial on some finite open cover of S 0 . Moreover, the members of this finite cover are cozero-sets in S, since S is a metric space. Now, it is clear that C(X) has a finitely-generated subalgebra C(S)[f 1 , . . . , f k ] that separates points in X 0 .
Consider the finite covering π : π −1 (R π ) → R π and let π : π −1 ((R π ) 0 ) → (R π ) 0 be its unbranched part. As proved above, there is a finite family of functions f 1 , . . . , f l in C(π −1 (R π )) such that C(π −1 (R π ))[f 1 , . . . , f l ] separates points in π −1 ((R π ) 0 ). These functions may be continuously extended to the whole space X, since X is the inverse image by a proper map of the paracompact space S and it is therefore a paracompact [4, Theorem 5.1.35] and a fortiori, normal space. The subalgebra C(S)[f 1 , . . . , f k , f 1 , . . . , f l ] separates points in X 0 ∪ π −1 ((R π ) 0 ). In this way, in a finite number of steps, we obtain a finitely-generated C(S)-subalgebra of C(X) that separates points in X since, if the supremum of the cardinalities of the fibres of a covering π : X → S is equal to n, then the cardinality of the fibres of π : π −1 (R π ) → R π is bounded by n − 1.
Corollary 2.2. Let X and S be connected topological manifolds (Hausdorff and paracompact) of finite dimension and let π : X → S be a finite covering. Then, there are finite C(S)-subalgebras in C(X) that separate points in X.
Proof. If X and S are topological manifolds, then the supremum of the cardinalities of the fibres of a finite covering π : X → S is finite [8, Theorem 3.7 ] so that, by 2.1, C(X) has finitely-generated C(S)-subalgebras that separate points in X. These finitely-generated subalgebras are finite C(S)-algebras because, as proved in [12] , the homomorphism C(S) → C(X) is integral.
